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Abstract
In this paper, we give some metrization theorems and characterize some generalized metric spaces
in terms of (weak base) g-functions. And we give quick proofs of two theorems in [Topology Appl.
91 (1999) 71].
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1. Introduction
In recent years, J. Nagata and a number of other topologists have systematically
studied the metrizability of spaces by means of g-functions, and obtained many interesting
metrization theorems. In particular they characterized the “difference” between metrizable
spaces and some generalized metric spaces by means of g-functions [3,4,6,11,14]. Recall
that a function g :N ×X → 2X is called a g-function if g(n, x) is a neighborhood of x for
each n ∈ N and x ∈ X. (In this paper, we shall denote the set of natural numbers by N , and
all spaces are T1.) Here we will define a weak base g-function, which we have found to be
a powerful tool for study the metrizability of spaces.
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2. PreliminariesFor a space X and a x ∈ X, let Tx be a family of subsets of X containing x such
that the intersection of any two members of Tx is also a member of Tx . The collection
B = ⋃{Tx : x ∈ X} is a weak base [1] for X if U ⊂ X is open iff for any x ∈ U , there
exists B ∈ Tx such that B ⊂ U .
Definition. A space X is said to have a weak base g-function, if there is a function
g :N × X → 2X such that
(a) for every x ∈ X and n ∈ N , x ∈ g(n, x),
(b) for any n ∈ N , g(n + 1, x) ⊂ g(n, x),
(c) the family {g(n, x): n ∈ N, x ∈ X} is a weak base for X.
Weak base g-functions were called “countable weak base covering maps” in [9].
In [8] Martin introduced weakly developable spaces. A space X is called a weakly
developable space if there is a sequence {Gn: n ∈ N} of covers of X, such that Gn+1 refines
Gn for all n ∈ N , and {st(x,Gn): n ∈ N, x ∈ X} is a weak base for X. We call the sequence
{Gn: n ∈ N} a weak development for X. Martin gave the following metrization theorem in
[8].
Theorem (Martin). A necessary and sufficient condition that a topological space X be
metrizable is that X has a weak development {Gn: n ∈ N}, such that {st2(x,Gn): n ∈
N, x ∈ X} is a weak base of X.
Let g :N × X → 2X satisfy x ∈ g(n + 1, x) ⊂ g(n, x) for all x ∈ X and n ∈ N. We
consider the following conditions:
(1) For any x ∈ X and neighborhood U of x , there is an n ∈ N such that
x /∈
[⋃{
g(n, y): y ∈ X − U}
]−
.
(2) If a sequence {xn: n ∈ N} converges to p ∈ X, and xn ∈ g(n, yn) for all n ∈ N , then
the sequence {yn: n ∈ N} converges to p.
(3) If a sequence {xn: n ∈ N} converges to p ∈ X, and xn ∈ g(n, yn) for all n ∈ N , then
the sequence {yn: n ∈ N} converges to p.
(4) If a sequence {xn: n ∈ N} satisfies that p ∈ g(n, xn) for all n ∈ N , then the sequence
{xn: n ∈ N} converges to p.
(5) If a sequence {xn: n ∈ N} satisfies that p ∈ g2(n, xn) for all n ∈ N , then the sequence
{xn: n ∈ N} converges to p, where g2(n, x) =⋃{g(n, y): y ∈ g(n, x)}.
(6) For any Y ⊂ X and each n ∈ N , Y ⊂⋃{g(n, y): y ∈ Y }.
(7) For any Y ⊂ X and each n ∈ N , Y ⊂⋃{g2(n, y): y ∈ Y }.
(8) If a sequence {xi: i ∈ N} satisfies that, for some n ∈ N , xi /∈ g(n, xj ) or xj /∈ g(n, xi),
i < j , then {xi: i ∈ N} (as a set) is closed discrete in X.
(9) If y ∈ g(n, x), then g(n, y) ⊂ g(n, x).
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Condition (1) for g-functions characterizes stratifiable spaces (Heath and Hodel [5]).
And a space X is k-semi-stratifiable iff it has a g-function satisfying condition (2) (Gao
[2]). Recently Yoshioka and Mohamad defined respectively ks-spaces and strongly-quasi
Nagata spaces by condition (2) for weak base g-functions in [13,9].
Suppose (X,ρ) is a metric space, let g(n, x) = {y: ρ(x, y) < 1/n} for each n ∈ N and
x ∈ X, then g(n, x) satisfies conditions (1) to (8). This implies that the necessity of many
of the theorems in this paper is clear.
3. Weak base g-functions
Of Theorems 1 and 2 below, we only prove Theorem 2, the proof of Theorem 1 being
similar.
Theorem 1. A space X is metrizable iff it has a weak base g-function satisfying conditions
(1) and (6).
Theorem 2. A space X is metrizable iff it has a weak base g-function satisfying conditions
(1) and (7).
Proof. We only prove the sufficiency. Assume that X has a weak base g-function satisfying
conditions (1) and (7). For each (n, x) ∈ N ×X, let
h(n, x) = {y ∈ X: x ∈ g2(n, y)}, and k(n, x) = g(n, x) ∩ h(n, x),
Gn =
{
k(n, x): (n, x) ∈ N ×X}.
Then
st(x,Gn) =
⋃{
k(n, y) ∈ Gn: x ∈ k(n, y)
}
,
st2(x,Gn) =
⋃{
k(n, y) ∈ Gn: k(n, y)∩ st(x,Gn) = ∅
}
.
By condition (7), h(n, x) is a neighborhood of x . In fact, x ∈ h(n, x) and X − h(n, x) ⊂⋃{g2(n, y): y ∈ X − h(n, x)}. If y /∈ h(n, x), then x /∈ g2(n, y), hence x /∈ X − h(n, x).
That is, h(n, x) is a neighborhood of x .
We prove that {k(n, x): (n, x) ∈ N × X} is a weak base of X. If U is open and x ∈ U ,
then there is a g(n, x) ⊂ U , hence k(n, x) ⊂ U . On the other hand, if U satisfies that, for
any x ∈ U , we have an n ∈ N such that k(n, x) ⊂ U . Since h(n, x) is a neighborhood of
x , there exists some m ∈ N with g(m,x) ⊂ h(n, x). Let p = max{n,m}, then g(p,x) ⊂
g(n, x) ∩ h(n, x) = k(n, x) ⊂ U . Hence U is open because {g(n, x): (n, x) ∈ N ×X} is a
weak base for X.
By virtue of Martin’s theorem, we need to prove that {st2(x,Gn): n ∈ N, x ∈ X} is
a weak base of X. Firstly, if U satisfies that, for any x ∈ U , there is some n ∈ N such
that st2(x,Gn) ⊂ U , then k(n, x) ⊂ U . Since {k(n, x): (n, x) ∈ N × X} is a weak base
for X, it follows that U is open. Secondly let U be open and x ∈ U , we shall prove that
st2(x,Gn) ⊂ U for some n ∈ N . Suppose not. Take yn ∈ st2(x,Gn) − U for each n ∈ N .
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Then we can get zn and wn, such that yn ∈ k(n, zn) with k(n, zn) ∩ k(n,wn) = ∅ and
x ∈ k(n,wn). By condition (1), the sequence {wn: n ∈ N} converges to x . In fact, suppose
{wn: n ∈ N} does not converges to x . Then there is a subsequence {wnk : k ∈ N} with
x /∈ {wnk : k ∈ N}− = B . By means of condition (1), there is an n0 ∈ N such that x /∈
[⋃{g(n0, y): y ∈ B}]−. In particular x /∈ [⋃{g(n0,wnk ): k ∈ N}]−. For nk0 > n0, we have
that x ∈ g(nk0 ,wnk0 ), but x /∈ g(n0,wnk0 ). This contradiction implies that {wn: n ∈ N}
converges to x .
Pick out vn ∈ k(n, zn) ∩ k(n,wn) for each n ∈ N. Since vn ∈ h(n,wn) = {z: wn ∈
g2(n, z)}, hence wn ∈ g2(n, vn) = [⋃{g(n, t): t ∈ g(n, vn)}]−. Using condition (1) again,
we can prove that the sequence {vn: n ∈ N} converges to x . In fact, if x /∈ {vn: n ∈ N}− =
F , then X − F = U is a neighborhood of x . Hence there is an k ∈ N such that
x /∈
[⋃{
g(k, y): y ∈ F}
]− = F1.
Note that F ⊂ F1. By condition (1) again, we have some an m ∈ N (we can let m > k) with
x /∈
[⋃{
g(m, t): t ∈ F1
}]−
.
Since g(n + 1, x) ⊂ g(n, x), hence
x /∈
[⋃{
g2(m,y): y ∈ F}
]−
.
In particular x /∈ [⋃{g2(m,vn): n ∈ N}]−. But
x ∈ {wn: n ∈ N, nm}− ⊂
[⋃{
g2(n, vn): n ∈ N, nm
}]−
⊂
[⋃{
g2(m,vn): n ∈ N, nm
}]− =
[⋃{
g2(m,vn): n ∈ N,nm
}]−
.
This is a contradiction. Hence the sequence {vn: n ∈ N} converges to x .
Since vn ∈ k(n, zn) ⊂ g(n, zn) for each n ∈ N , and {vn: n ∈ N} converges to x , the
sequence {zn: n ∈ N} converges to x by means of condition (1).
On the other hand, yn ∈ k(n, zn) ⊂ h(n, zn) = {t ∈ X: zn ∈ g2(n, t)}, hence zn ∈
g2(n, yn) for each n ∈ N . Using the method above, one easily shows that the sequence
{yn: n ∈ N} converges to x .
But yn /∈ U for each n ∈ N and U is a neighborhood of x . This is a contradiction. Hence
{st2(x,Gn): n ∈ N, x ∈ X} is a weak base of X.
It is obvious that {Gn: n ∈ N} is a weak development of X. By Martin’s theorem X is
metrizable. 
In the following lemma, we do not assume that g is a g-function or a weak base g-
function. This lemma will be applied to both kinds of functions.
Lemma 3. Let g be a function g :N × X → 2X satisfying x ∈ g(n, x) and g(n + 1, x) ⊂
g(n, x) for all n ∈ N . For conditions (1) to (8) as defined in Section 2, the following facts
hold:
(i) If g satisfies conditions (6) and (4), then X is Fréchet.
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(ii) If g satisfies condition (3), then g satisfies conditions (2) and (4).
(iii) If X is a Fréchet space and g satisfies condition (8), then g satisfies condition (6).
(iv) If g satisfies conditions (2), (4) and (6), then g satisfies condition (1).
(v) If g satisfies conditions (2), (5) and (7), then g satisfies condition (1).
(vi) If X is Fréchet, and g is a weak base g-function satisfying condition (2), then g
satisfies condition (4).
Proof. (i) If x ∈ Y , by condition (6) x ∈⋃{g(n, y): y ∈ Y } for each n ∈ N . Then we get a
sequence {xn: n ∈ N} ⊂ Y satisfying that x ∈ g(n, xn) for all n ∈ N . By condition (4) the
sequence {xn: n ∈ N} converges to x . Hence X is Fréchet.
(ii) Trivial.
(iii) Let X be Fréchet and suppose g satisfies condition (8). We prove that g satisfies
condition (6). Suppose there were a subset Y ⊂ X and an n ∈ N such that Y ⊂⋃{g(n, y): y ∈ Y }, then we can get a point y∗ ∈ Y − ⋃{g(n, y): y ∈ Y }. Since X
is Fréchet, there is a sequence {ym: m ∈ N} ⊂ Y with {ym: m ∈ N} convergens to
y∗. Because y∗ /∈ ⋃{g(n, ym): m ∈ N}, thus g(n, yi) ∩ {ym: m ∈ N} is at most finite
for each i ∈ N . Therefore we have a subsequence {ymi : i ∈ N} ⊂ {ym: m ∈ N} with
ymj /∈ g(n, ymi ) for j > i . By condition (8) {ymi : i ∈ N} is closed discrete. This contradicts
that {ymi : i ∈ N} converges to y∗. Hence condition (6) is satisfied.
(iv) Let g satisfy conditions (2), (4) and (6), we prove that g satisfies condition (1). For
each x ∈ X and n ∈ N , let Un(x) = X − {y: x /∈ g(n, y)}−. Then Un(x) is a neighborhood
of x by condition (6). We claim that {Un(x): n ∈ N} is a local base of x . Suppose V
is open with x ∈ V . If Un(x) ⊂ V for every n ∈ N , then we can pick yn ∈ Un(x) − V .
Since yn ∈ Un(x), hence x ∈ g(n, yn) for each n ∈ N . Thus {yn: n ∈ N} converges to x by
condition (4). This is a contradiction.
We prove that the function satisfies condition (1). Suppose x ∈ (⋃{g(n, y): y ∈
X − P })− for each n ∈ N , where P is a neighborhood of x . Then there is a sequence
{yn: n ∈ N} ⊂ X − P such that Un(x) ∩ g(n, yn) = ∅. Pick out zn ∈ Un(x) ∩ g(n, yn).
Since {Un(x): n ∈ N} is a local base of x , {zn: n ∈ N} converges to x . Hence the sequence
{yn: n ∈ N} converges to x by condition (2). This contradicts that P is a neighborhood
of x . Therefore the function satisfies condition (1).
(v) The proof is quite similar to that of (iv), so it is omitted.
(vi) Let X be Fréchet, and has a weak base g-function g satisfying condition (2). We
prove g satisfies condition (4). Suppose there are a sequence {xn: n ∈ N} ⊂ X and p ∈ X,
such that p ∈ g(n, xn) for each n ∈ N . Then we have a sequence {xnm: m ∈ N} ⊂ g(n, xn)
with that {xnm: m ∈ N} converges to p. Pick out xnmn ∈ g(n,p), mn < mn+1, then{xnmn : n ∈ N} converges to p. Therefore {xn: n ∈ N} converges to p by condition (2).
Hence the weak base g-function g satisfies condition (4). 
Theorem 4. A regular space X is metrizable iff it is Fre´chet and has a weak base g-function
satisfying conditions (2) and (8).
Proof. The proof follows from Theorem 1 and (iii), (iv) and (vi) of Lemma 3. 
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Theorem 5. A space X is metrizable iff X has a weak base g-function satisfying one of the
following conditions (a), (b) and (c):
(a) the g-function satisfies conditions (2), (4) and (6);
(b) the g-function satisfies conditions (3) and (6);
(c) the g-function satisfies conditions (2), (5) and (7).
Proof. (a) Immediate corollary of Theorem 1 and (iv) of Lemma 3.
(b) The proof follows from Theorem 1 and (ii), (iv) of Lemma 3.
(c) It is obvious from Theorem 2 and (v) of Lemma 3. 
The referee informed the author of the following fact.
Corollary 6 [10]. A space X is metrizable iff it has a weak base g-function satisfying
conditions (2) and
(∗) For any Y ⊂ X and each n ∈ N , Y ⊂⋃{g(n, y): y ∈ Y }.
Proof. Clear from (b) of Theorem 5. 
4. g-functions
Nagata [11] proved the following result.
Theorem. A regular space X is Lašnev iff it is Fréchet and has a g-function satisfying
conditions (2), (8) and (9).
Nagata posed the follows question: Is it possible to replace (9) in above theorem with
any condition of g-function that is satisfied by g(n, x) = {y ∈ X: ρ(x, y) < 1/n} whenever
(X,ρ) is a metric space?
It may be interesting to compare Nagata’s theorem and question above with Theorems 8
and 9 below.
Lemma 7 [7]. A space X is metrizable iff it has a g-function satisfying conditions (1)
and (6).
Theorem 8. A regular space X is metrizable iff it is Fréchet and has a g-function satisfying
conditions (2), (4) and (8).
Proof. This follows from (iii), (iv) of Lemmas 3 and 7. 
Theorem 9. A regular space X is metrizable iff it has a g-function satisfying conditions
(2), (4) and (6).
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Proof. Immediate from (iv) of Lemma 3 and Lemma 7. 
Definition 10 [14]. A g-function on X is called a strongly decreasing g-function if
g(n + 1, x) ⊂ g(n, x) for each n ∈ N and x ∈ X.
Definition 11 [14]. Let F be a family of sets in a space X. F is called an LF-family if for
each x ∈ X, there is a neighborhood U of x such that |{U ∩ F : F ∈ F}| < ω. F is called
an SF-family if for each fixed F ∗ ∈F , |{F ∗ ∩ F : F ∈F}| < ω. F is called an CF-family
if for each fixed compact set K , |{K ∩F : F ∈F}| < ω.
By [14] we know that each hereditarily closure preserving family is a CF-family, and
each LF-family is closure preserving. If X is Fréchet, then each CF-family is closure
preserving.
Theorem 12. For a regular space X, the following conditions are equivalent:
(a) X is a metrizable space.
(b) X has a g-function satisfying conditions (2) and (4), and {g(n, x): x ∈ X} is an LF-
family for each n ∈ N .
(c) X has a g-function satisfying conditions (2) and (4), and {g(n, x): x ∈ X} is closure
preserving for each n ∈ N .
Proof. We give the following proof by means of Yun’s method in [14].
(a) ⇒(b) Assume that X is a metrizable space. Let U1 be a locally finite open cover of
X such that the diameter of each set in U1 is less than 1, and g(1, x) = st(x,U1) for each
x ∈ X. Let U2 be a locally finite open cover of X such that the diameter of each set in U2
is less than 1/2, and U2 refines U1. For each x ∈ X, put g(2, x) = st(x,U2). Generally, let
Un be a locally finite open cover of X such that the diameter of each set in Un is less than
1/n, and Un is a refinement of Un−1. For each x ∈ X, define g(n, x) = st(x,Un). Then g
is a g-function satisfying conditions (2) and (4), and it is clear that {g(n, x): x ∈ X} is an
LF-family for each n ∈ N .
(b) ⇒(c) Each LF-family is closure preserving.
(c) ⇒(a) Let {g(n, x): x ∈ X} be closure preserving. For any Y ⊂ X, then Y ⊂
(
⋃{g(n, y): y ∈ Y })− = ⋃{g(n, y): y ∈ Y }. Hence the g-function satisfies conditions
(2), (4) and (6). X is metrizable by Theorem 9. 
Corollary 13 [14]. For a regular space X, the following conditions are equivalent:
(a) X is a metrization space.
(b) X has a strongly decreasing g-function such that {g(n, x): x ∈ X} is an LF-family for
each n ∈ N , and condition (2) is satisfied.
(c) X has a strongly decreasing g-function such that {g(n, x): x ∈ X} is closure
preserving for each n ∈ N , and condition (2) is satisfied.
Proof. Obvious. 
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Since each CF-family is closure preserving in a Fréchet space, we have the following.Theorem 14. A regular Fréchet space X is metrizable iff it has a g-function satisfying
conditions (2) and (4), and {g(n, x): x ∈ X} is a CF-family for each n ∈ N .
Corollary 15 [14]. A regular Fréchet space X is metrizable iff it has a strongly decreasing
g-function satisfying condition (2), and {g(n, x): n ∈ N} is a CF-family for each n ∈ N .
Theorem 16 [14]. A regular Fréchet space X is a Lašnev space iff it has a g-function
satisfying condition (2), and {g(n, x): x ∈ X} is a CF-family for each n ∈ N .
Theorem 17 [14]. For a regular space X, the following conditions are equivalent:
(a) X is an ℵ-space.
(b) X has a g-function satisfying condition (2), and {g(n, x: x ∈ X} is an SF-family for
each n ∈ N .
(c) X has a g-function satisfying condition (2), and {g(n, x): x ∈ X} is an LF-family for
each n ∈ N .
In [11], Nagata posed the following problem: Characterize ℵ-spaces and Lašnev spaces
in terms of g-functions. Then characterize metrizability by adding some more conditions
so that one can see the difference between metrizability and ℵ-spaces or Lašnev spaces
clearly.
Making a comparision between Theorem 14 and Theorem 16, and between Theorem 12
and Theorem 17, we found condition (4) is the “difference” between metrizability and
ℵ-spaces or Lašnev spaces.
A space X is a semi-stratifiable space iff it has a g-function satisfying the condition (∗):
If a sequence {xn: n ∈ N} satisfies p ∈ g(n, xn) for all n ∈ N , then {xn: n ∈ N} converges
to p. In comparison with condition (∗) and condition (4), we found that condition (4) is
interesting.
In [12], Nagata proved Theorems 20 and 21 below. Here we give quick proofs of these
results.
Definition 18. A collection B is called cs∗-network for X, for any sequence {xn: n ∈ N}
converging to x , and x ∈ U and U is open, then there exists a subsequence {xnk : k ∈ N}
and B ∈ B, such that {x, xnk : k ∈ N} ⊂ B ⊂ U .
Lemma 19 [2]. A regular space X is an ℵ-space iff it has a σ -discrete (or σ -locally finite)
closed cs∗-network.
Theorem 20 [12]. A regular Fréchet space X is an ℵ-space iff it has a network F =⋃∞
n=1Fn such that each Fn is a locally finite closed cover of X, and such that for each
x ∈ X and Fn with x ∈ Fn ∈ Fn for all n ∈ N , {Fn: n ∈ N} is either a network at x or
hcp ( = hereditarily closure preserving).
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Proof. Note that the (hcp) condition can be restated as: for any subsequence {ni : i ∈ N}
of N and for any xi ∈ Fni , {xi: i ∈ N} is a closed set.
The sufficiency. Assume a sequence {xi: i ∈ N} converges to x ∈ U , xi = xj , where
U is open. Since each Fn is a locally finite closed cover of X, there is a Fxn ∈ Fn and
{xni : i ∈ N} with {x, xni : i ∈ N} ⊂ Fxn . It is clear that {Fxn : n ∈ N} is not hcp, hence
{Fxn : n ∈ N} is a network at x . We can get some Fxn0 ⊂ U . Therefore F is a cs∗-network
for X, and X is an ℵ-space by Lemma 19.
The necessity. Let X be an ℵ-space and B = ⋃∞n=1 Bn be a σ -discrete closed cs∗-
network. SetPn = Bn∪{X−⋃Bn} for each n ∈ N . ThenPn is locally finite. LetA1 =P1,
A2 = {P ∩ Q: P,Q ∈ P2}, . . . , An = {A ∩ P : A ∈ An−1, P ∈ Pn}, . . . . Then An is
locally finite. Thus Fn = {A: A ∈ An} is a locally finite closed cover of X. For any
collection {An: x ∈ An, An ∈ An}, if {An: n ∈ N} is not hcp, then {An: n ∈ N} is not
hcp. Thus there is yn ∈ An such that {yn: n ∈ N} converges to z and z = yn for all n ∈ N .
Let U be any open set with z ∈ U . Since B is a cs∗-network, there exist a B∗ ∈ Bn for some
n ∈ N and a subsequence {ynk : k ∈ N} such that {z, ynk : k ∈ N} ⊂ B∗ ⊂ U . Pick nk > n.
Then ynk ∈ Ank ⊂ B∗ and x ∈ Ank ⊂ B∗. Hence x = z and {An: x ∈ An, An ∈An, n ∈ N}
is a network at x . 
Theorem 21 [12]. A T1-space X is metrizable iff there is a decreasing g-function g(n, x),
that satisfies the following conditions:
(a) y ∈ g(n, x) implies g(n, y) ⊂ g(n − 1, x) for n > 1.
(b) If x ∈ U and U is open, then there is an n ∈ N , such that y ∈ X − U implies
x /∈ g(n, y).
(c) For A ⊂ X and n ∈ N , A ⊂⋃{g(n, y): y ∈ A}.
Proof. Necessity of the condition is obvious. We prove only the sufficiency. By Theorem A
of [12], we need only prove that the g-function satisfies condition (σ ): if x ∈ g(n, xn) and
xn ∈ g(n, yn) for all n ∈ N , then the sequence {yn: n ∈ N} converges to x .
Suppose that x ∈ g(n, xn) and xn ∈ g(n, yn) for each n ∈ N , but {yn: n ∈ N} does not
converge to x . Then there is an open set U with x ∈ U , such that yn /∈ U for each n ∈ N .
By condition (b), there exists an m ∈ N such that x /∈ g(m,yn) for all n ∈ N . In particular
x /∈ g(m,ym+1) for each m ∈ N . By condition (a) we have that g(n, xn) ⊂ g(n − 1, yn).
Hence x ∈ g(n − 1, yn) for all n > 1. This is a contradiction. 
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